Abstract In 2011, Howlett and Nguyen [8] introduced the concept of a W -graph ideal E J in (W, L ) with respect to J (a subset of S), where L is the left weak order on W . They proved that one can construct a W -graph from a given W -graph ideal by constructing a Hecke module structure on E J , where the W -graph was introduced by Kazhdan and Lusztig in [2] .
Introduction
Let (W, S) be a Coxeter system and H (W, S) be the corresponding Hecke algebra. There is a representation of H (W, S) called W -graph that introduced by Kazhdan and Lusztig in [2] . A W -graph provides a method for constructing a matrix representation of H (W, S), the element in this matrix is the so called Kazhdan-Lusztig polynomials and the degree of the representation being the number of vertices of the W -graph.
In [9] Deodhar used parabolic Kazhdan-Lusztig polynomials relative to a standard parabolic subgroup W J (J is a subset of S) to give W -graph structures on D J , where D J is the set of minimal coset representatives of W J . In [7] Tagawa introduced the weighted case for Deodhar's constructions.
In [8] Howlett and Nguyen introduced the concept of a W -graph ideal in (W, L ) with respect to a subset J (of S), where L is the left weak Bruhat order on W . Then they showed 
The weighted parabolic Hecke module M J,us has an involution¯which is compatible with the involution on H , i.e., for
In this paper, the Hecke module M J,−1 is denoted by M J and the Hecke module M J,qs is
There exists an algebra map Φ : H → H given by
and Φ(T w ) = ǫ w q w T w , where¯is the standard involution in H and ǫ w = (−1) ℓ(w) . Furthermore, Φ 2 = Id and Φ commutes with¯. There is a map ϕ J (respectively ϕ J ) from H to M J (respectively › M J ) such that for any
The Hecke modules with respect to W -graph ideal
In this subsection, we recall some constructions of W -graph ideal with some modifications. The equal parameter case was introduced by Howlett [8] and the weighted case was introduced by Yin [11] . 
Definition 1.4 ([8], Section 5).
For any w ∈ W , let E be a subset of W such that w is a suffix of an element of E that is itself in E, then we call E is an ideal in the poset (W, L ).
If E is an ideal of W , then P os(E) = S/E = {s ∈ S|s / ∈ E} and E ⊆ D J , where J is an arbitrary subset of P os(E). We shall denote by E J for the ideal E with reference to J and the reason is clear from the following constructions. For each y ∈ E J we define the following subsets of S:
. Let E J be an ideal of W , it is said to be a W -graph ideal with respect to J and L if the following hypotheses are satisfied.
for some polynomials r
There is a similarly definition for Hecke module › M (E J , L) (see [12] ) and we call both of them the weighted W -graph ideal modules. we also have duality of them as follows.
Proposition 1.7 ([12], Theorem 3.1, modified). There is a unique map δ(Γ
It has the following properties:
δ is a bijection and the inverse ρ of δ satisfies properties of η.
The relation between H and M (E J , L)
Let E J be a W -graph ideal. For brevity, we denote
we define
is the set of minimal coset representative of W K and F J = WĴ is the subgroup of W generated by the setĴ. It is soon to prove that
We consider this case first.
The mapping from
In this subsection, we consider the case of J = K and we denote by D K for D J . There are two Hecke modules on D K as well and we denoted by M K and › M K . All properties of these modules are similar to M J and › M J , we do not give details.
We classify the elements in D K such that we find the relation between D K and E J . With the above notations, define
Proof. This is immediate from the definitions of E J and D In this paper, we assume throughout that for all
Extend λ J to the whole of M K by linearity, we have:
Proof. If α ∈ E J , the statements can be proved since λ J (m K y ) = Γ y for any y ∈ E J . If α / ∈ E J , the statements can be proved by the following classification.
such that m + n = k and
Corollary 2.4. λ J commutes with the involution¯on M K and M(E J , L).
Proof. For any s ∈ S, α ∈ D K , it can be proved that
K,α . then the result is immediate from Corollary 2.3.
and the properties of λ J is very similar to λ J .
Theorem 2.6. The following diagram is commutative:
Proof. For any α ∈ D K , we have
K . Clearly, these two expressions are equal.
The mapping from H to M(E J , L)
Finally, we can give the relation between H and M(E J , L). Theorem 2.13. For any w ∈ W , there is a unique factorization
such that (1) ν commutes with the involution¯. 
Here we replace
must satisfy the following set of equations:
(1) 
We replace L 
The relation of the corresponding R-polynomials
As an application of Theorem 2.13, we give the relation between the parabolic R-polynomials on D J and the R-polynomials on E J . First, we recall some definitions. 
we call these polynomials the parabolic R-polynomials on D J .
Definition 4.2 ([11], Corollary 3.2).
There exists a family of polynomials {R x,y | x, y ∈ E J } satisfying the condition
we call these polynomials the R-polynomials on E J .
Then, we have
Proof. By the definition of λ J , we easy to check that Γ y = λ J (m K y ) for any y ∈ E J , then
On the other hand, It is known that Theorem 4.3 is founded by Theorem 4.6 and Theorem 4.8.
